Syllabus of the course
Partial Differential Equations in Biology - Part 2

e Partial differential equations (PDEs)
Classification for linear second order PDEs in two variables [Greenspan—Casulli, pp. 182-185]:

ac —b? >0 elliptic
gy + 2bUzy + clyy, + lower order terms = . .. ac —b?> =0 parabolic
ac —b?> <0 hyperbolic

Linear second order elliptic PDEs, parabolic PDEs, hyperbolic PDEs in space dimension d > 2 [Quarteroni—
Valli, pp. 159, 363-364, 497-498|

d d d
elliptic Lu:= — Z Di(aiiju) + Z b;Diu + qu = f with Z aijfjfi > Ozo|6|2

i,j=1 i=1 i,j=1
parabolic Dyu+ Lu = f , L elliptic
hyperbolic Dfu + Lu=f , L elliptic

e Boundary value problems and initial-boundary value problems for linear second order PDEs [Quarte-
roni—Valli pp. 161-163; 364; 497-498|
elliptic

Dirichlet w given on 9D

d
Neumann Z ai; Djun; given on 0D
ij=1
d
mixed wu given on I'p and Z a;;Djun; givenonI'y (0D = TpUTN, TpNTx =0)
ij=1
d
Robin Z ai;Djun; + ku given on 0D
ij=1

parabolic
Dirichlet or Neumann or mixed or Robin on the boundary, and u|;—q given in D
hyperbolic

Dirichlet or Neumann or mixed or Robin on the boundary, and uy—q and (Diu);—o given in D

e Weak form for linear second order elliptic PDEs [Quarteroni—Valli, pp. 159-163]
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a;;DjoDith + Do)+ | qov =< [pf+ [,p9¢ Neumann
Z/ pyep Y [ v |, ot hogy N

Z/% J‘PD1¢+Z/ Dip ¢+/Dqs0¢+/8Dmpw:/wa+/aDgw Robin

3,7=1



e Calculus of variations and minimization problems [Quarteroni—Valli pp. 163-164]:

d
1 1
min (f Z / aiijwDﬂP-i-*/ qu—/ fz/J) Dirichlet (homogeneous)
Y Qi,j:1 D 2/p D

[Note: no first order terms in the operator L...|
Similarly for the other boundary value problems

e Existence and uniqueness
Minimization problem: direct method of calculus of variations (selection of a convergent subsequence from
a minimization sequence)

Weak problem: Riesz representation theorem (b(y, ) is a scalar product in a Hilbert space V', equivalent
to the scalar product of V) or Lax-Milgram lemma (b(p,) is continuous and coercive bilinear form in a
Hilbert space V') [Quarteroni—Valli pp. 133-135]:

[, V)] < yllellvI||Y]lvy  continuous
b(, ) > al[h||?,  coercive

Space of functions:

Hi(D):={¢: D —=R| [pv* <oco, [,|VY]* <o, ¢hpp =0}  Dirichlet (homogeneous)
V_ HY(D):={¢:D—R| [,v? <oo, [,|V]* <o} Neumann
TV HE (D):={¢:D—=R| [L9?* <o, [,|VY]* <o, ¢, =0} mixed
HY(D):={¢y: D —=R| [pv?<oco, [,|Vi]* < oo} Robin

Sufficient conditions for continuity:

a;j,bi,q bounded in D Dirichlet (homogeneous)
a;i;,b;,q bounded in D Neumann
ai;,b;,q bounded in D mixed

aij,bi,q bounded in D , k bounded on 9D Robin

Sufficient conditions for coerciveness [Quarteroni—Valli pp. 164-167]:

q— idivb >0in D Dirichlet (homogeneous)
q—?divbz,uo>OinD7b-nZOonaD Neumann
—zdivb>0inD, b-n>0o0onIly mixed

—;divb2u0>OinD, %b-n—i-/szonaD Robin

An alternative for Neumann: choose V = {¢ € H'(D)| [, ¢ = 0} and assume ¢ — 3divb > 0 in D,
b-n >0 on dD [but pay attention to the correct interpretation of the weak problem!].
An alternative for Robin: assume ¢ — %divb >0in D, %b ‘n+x>0on dD and faD(%b ‘n+ k) > 0.

Assumptions on the data: f € L?(D), g € L?(0D) (Neumann and Robin) or g € L?(T'y) (mixed), where
L*(D):={¢y: D = R| / P? < oo}
D

and similarly for L?(0D) and L*(Ty).
For Neumann, if ¢ = 0 and b = 0: assume also the (necessary) compatibility condition | pft /. op9=0.

e Galerkin approximation method [Quarteroni—Valli, pp. 136-144]
Choice of a finite dimensional subspace V}, of V', and minimization in V}, (or solution of the weak problem
in Vh)

Examples:



trigonometric polynomials in D = [a, b]? (Fourier methods for periodic problems);

global polynomials in D = [a,b]¢ (spectral methods) [Quarteroni-Valli, pp. 176-179)];

global polynomials in D = [a,b]¢ with Gaussian quadrature formulas (spectral collocation methods)
[Quarteroni—Valli, pp. 179-186];

piecewise polynomials in a polygonal domain (finite element methods) [Quarteroni—Valli, pp. 170-176]

e The finite element method [Quarteroni—Valli, pp. 73-91, 170-174, 190, 192-193]
Family of triangulations: o
D =Uger;, K , K polyhedron

Piecewise-polynomials finite dimensional subspaces:
i.
Xp={¢n: D= R|Yyx €P,., ¥, € C°(D)}

P.. polynomials of degree less than or equal to r, K triangle/tetrahderon.
ii.
Xpo={tn: D= R|YpxoTk €Q,, ¥, € C°(D)}

Q. polynomials of degree less than or equal to r with respect to each variable, K parallelogram/paralle-
piped, Tk affine map from [0,1]¢ onto K.

Degrees of freedom: values of functions in the nodes P;

Shape functions (basis functions): “hat” functions 7;, such that 7;(P;) = 1 and 7;(P;) = 0 for each j # 1.
Consequently: 7; has “small” support.

Interpolation operator and interpolation error

Error estimates for the approximate solution via Céa lemma

Algebraic form: stiffness matrix A,

Aij = b(n;,m;)

A is symmetric if b(¢p, 1)) is symmetric (namely, b(p, 1) = b(1), ): this is never true if the first order
terms are present)
A is positive definite if (¢, 1) is coercive
A is sparse as the basis functions have small support.

e The mixed finite element method
Elliptic equations (without first and zero order terms) [Quarteroni—Valli, pp. 217-218, 222-227, 230-231].
Example: Laplace operator

p— V=0
divp+ f=0

Weak form (homogeneous Dirichlet): p € V, ¢ € @ such that

{fD(p'quso divq) =0
fD(diV p)¢:_fpf¢

with
V= H(div; D) = {q: D — R| / Iql? < 0o, /(divq)2<oo}
D D
Q= L*(D)
Raviart—Thomas finite elements
Stokes problem [Quarteroni—Valli, pp. 297-302, 304-311]

{—Au+Vp:f
divu=0

Weak form (homogeneous Dirichlet): u € (H$(D))¢, p € L?(D) such that

{fD(Vu'VV—p divv) = [, f-v
—fD(diV u)g=0
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Discontinuous pressure finite elements (Crouzeix—Raviart)
Continuous pressure finite elements (Taylor—-Hood, Arnold-Brezzi-Fortin mini element)

The algebraic structure [Quarteroni—Valli, pp. 241-242, 303-304]

A BT
S':<B 0)

where A is a N x N matrix and B is a K x N matrix

S is non-singular if and only if ITA| ., p is non-singular and ker BT = {0}
(IT orthogonal projection from R™ onto ker B)

ker BT = {0} is equivalent to the inf-sup condition:
38>0:VpeREKIveRY\0 : BTp-v>p|p|llv]|

Good finite element approximations: the inf-sup condition holds with 8 independent of the mesh size h
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